(V, dV) of manifolds with boundaries, and dV = Υ, then d(y) is the splitting obstruction for the homotopy equivalence F\d W: d W -> Υ.
All natural maps between different Wall and Browder-Livesay groups can be located in the following braid (i: π -* G is the inclusion): (1) This braid was considered from the topological and algebraic viewpoints in [11] , [4] , [6] , [9] , [10] , [12] ; it is the main tool for the construction of iterated BrowderLivesay invariants.
Recall that all groups of this braid can be realized as the homotopy groups of Quinn-Ranicki spectra &(G), SW{n -> G), etc; see [13] . Note that ^{G) = iL2/_i(G), so the labeling of the spaces (which are rather not spaces but semisimplicial sets) of these spectra corresponds to the dimension of manifolds. The whole braid (1) can be realized on the level of Quinn-Ranicki spectra, but in fact it is sufficient to consider only the middle square of this braid (for simplicity take η = 0):
This square is homotopy pull-back (or push-out; this is the same for spectra), and the braid can be obtained just from this square if one takes into account that homotopy fibers (or cofibers) of parallel maps in the square coincide. There exists also a similar square for G~ instead of G. Let us introduce the notation i+: π cG and i-\ π c G~ . Now we shall follow the well-known procedure for construction of the iterated Browder-Livesay invariants, but we shall do it on the level of spaces. Denote
We have maps
Denote the homotopy pull-back of these maps by X2,o', we obtain the homotopy pull-back square. Also denote by Xi t \ the homotopy pull-back of the maps Proceeding in the same way one obtains the following diagram which consists of pull-back squares, and can be extended to the left, up and down:
In this diagram the Quinn-Ranicki spectra SfmiG*^) are placed in the second column from the right side, and are marked by two equal subscripts. The diagram can also be extended to the right side by the homotopy push-out construction.
In this diagram the relative homotopy groups
for j > 0 do not depend on ί because of excision. And because of this the natural mapping of the filtration
isomoφhism of the homotopy spectral sequences. So the whole spectral sequence of the filtration which is infinite in both directions does not depend on /. There is also another infinite filtration with respect to a second subscript, and its homotopy spectral sequence does not depend on the first subscript either.
Now let us look for the differential d\:
From (3) one can see that d\ is the same as the composition considered in [4] . Recall that algebraically the group LN k {n -> G) can be identified as a Wall group L k (Zn, a, u) over the ring with antistructure (Ζπ, a, u), (see [11] , 12 C). Here α: Ζπ -> Ζπ is the involution defined by α(χ) = t~lx~t, u = -w{t)t~2 , where t e G -π is any fixed element. Define Φ:
by a map on the quadratic category which sends any quadratic form (Λ/, /) over (Ζπ, a, u) to the form (M®t, f), where Μ® t is the same abelian group as Λ/, (ro ® i)* = m(txt~l) <g> ί, and /(m ®t, n®t) = w{t)r x f{m, n)t.
In fact the mapping Φ is an involution on L^(Ζπ, a, u), since Φ 2 is induced by an inner automorphism of Ζπ . The composition
is the same as 1 ψ Φ (see [4] ). We can see now that
where the last group is the Tate cohomology group of LN q (n -* G~) with respect to Z/2-action Φ.
coincide with the set of iterated Browder-Livesay invariants.
, and this is just the definition of the iterated Browder-Livesay invariants.
From the diagram (3) one can see that d k is the same as dT k~1 (cx), the last being the definition of the iterated Browder-Livesay invariants. In a similar way denote 
Here the groups E\* q are not placed each in the cell with (ρ, q) coordinates, although each stands in the right place with respect to the ^-coordinate. In this table the differential d\ acts vertically up or down, so the domain and range are related by a change in position of (0, ±1). Similarly, di changes position by (+1, ±1), dj, by (+2, ±1), and so on (mod4 in the horizontal direction).
We begin with finite abelian 2-groups. The Browder-Livesay groups LN n (n -> G) for this case (with prime decoration) are given in [12] , as well as a lot of information about the natural maps between Wall and Browder-Livesay groups. Denote as usual by r the 2-rank of G, and by s the number of Z/2 direct summands in G. There are three cases:
2) π C keru; :
where Λ( (7) is the group of complex representation, /»: ϋ(π) -> R(G) is the induction map, and in the above formula orbits under complex conjugation are considered.
3) w\ 2 n trivial, but w\n nontrivial:
With these formulas, for any abelian group C7 and any index two subgroup π one can write down the £Ί term. In case of abelian groups Φ = ±1 and d\ = 1 ± 1, and so the torsion part goes to the ^2-terrn unchanged. In fact in cases 1) and 3) when the LJV-groups do not contain a free part, E\ = £Όο (see the diagrams at the end of [12] ). Consider the only remaining case, 2). For short let us denote
Note that the orientation character is trivial for G, and nontrivial with kernel π for G~ . Let us begin with L^-theory using the decoration and 2-adic coefficients. According to [15] , §4:
Here the letter d in parentheses on the right of each group means the "top components" in the sense of [5] , and
We have the isomorphism Γ of homology groups of two chain complexes
In our case both the maps LNf (Z 2 (C -> D~))(i/) -> Lf{Z 2 {D)){d) and the com-
)(rf) are trivial. This follows immediately from (2.17) of [5] . The groups L£(Z 2 (C))(</) and Lf (Z 2 (C))(i/) are trivial, and so the homology isomorphism becomes an isomorphism of the groups L^(Z 2 (D~))(6?) and Lf(Z 2 (D~))(d) themselves: both groups are isomorphic to (Ζ/2)**. Now from 2.10 of [5] we have that
ZJV*(Z 2 (C -D))(d) -L« k (Z 2 (D-))(d)
is a split surjection and can be identified with the projection Also from 2.17 of [5] we have that is a split injection and can be identified with We have here examples not only of nontrivial ^-differentials but also cases where £oo = Ei = 0 (see Proposition 4) . One can conclude also from [15] , 4.3 and 4.5.2, that the map is surjective, and so in the L'-groups with integral coefficients we also have nontrivial -differentials.
Problem. Given k, do there exist groups G and π with a nontrivial differential BIBLIOGRAPHY
